
 

t.ifi.it i
and Q A Q T T is upper triangular

Xa t it has all its roots in

A has eigenvalues as the roots of Xa t 0

Let the be an eigenvalue of A
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Consider an orthonormal basis of Mnx C

91 9n Basis extension of basis
Gram Schmidt process
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We will prove Schur's decomposition using induction

Every matrix is triangularizable

Basecase Ma G is triangularizable

B E Ma C

Let T be eigenvalue 92 0 B 92 Mat 9
11,76Take as 0 and 9291 0 929
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A E Mmon a not identically zero Cayley Hamilton

rank A r 0 Theorem

Unitary U E Mm a

V E Mn 4
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Gi is called singular value of A

value Let The hr be the nonzero eigenvalues of

Bbm Rank A A

Fipoitivematrox rank A

X Mnxi G rank A

A A X 0 3 verify

so A A is a positivematrix

The Mr are non negative



A A has rank AA many positive eigenvalues

Define a Mi i 1 r

o's are called singular values of A

A E Mmxn C U E Mmxn A V Mnxn C

and Ʃ
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Use diagonalization of A A

Use Oi Mi

Polynomialfunctionalcalculus
non
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Let A Mn G and p be a polynomial then T is an

eigenvalue of A if and only if p X is an eigenvalue of pA

p t do at a t art

P A a I a A as Ad
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If T is triangular then
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What are the roots of XpG t 0

diagonal for pT P Tlii is 1 n

If T is an eigenvalue for A then p R is an eigenvalue
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Cayley Hamilton

SVD Singular Value decomposition A UƩv

Polyymh.tnhhtanfttapealz be a polynomial Then

A is an eigenvalue for A iff p R is an eigenvalue for

P A

Proof Use schur triangularization

U A U T T upper triangular
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and roots
Xpp t are PCT

PCT P Ti

Combine and the fact that T
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A
c co c permutation involved
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eigenvalue easy

what if A was 100 100

permutation matrices
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Eigenvalues for A are eigenvalues for P evaluated at

9 t Co at at
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O t roots 1 03 e



eigenvalues for p are 1 e e

1 w w

eigenvalues for A
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calculus change



Mman e with singular value 02 On rank A

Oi Mi Mi is eigenvalue of A A

i 1 2 r

r rank A

Then there exists U V unitary sit
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A A nxn square positive hermitian

A A be unitarily diagonalized 3
eigenvectors are 14

Me An be eigenvalues of A A Ri 0 1 1,2 n

V1 Un eigenvector A A corresponding to The Tr
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Us Ur mutually orthogonal in Mmx C

can be extendended to an orthonormal basis

of Mmx C
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non constant polynomial

C H

X A

Euclidean algorithm

given p 9 then
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p t h t Xa t r t

p A r A

Ftᵈdet A E Xa t

Xa A 0 det A A I 0

XA Xp U A A T

X verify
induction
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