










































to do
det x dat XT

2 1 11 1
a some

matrix

v vectorof
norm 1

AV

a













































simplest v s IR 1 P

LT IR scalar multiplication

atomic operation in LT scalar multiplication

A nice matrix

1 11 1

Spectral analysis of a matrix

Ettinger
matrix
tweak into components
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11 5 1 if Rose then re is said

to be an eigenvalue of AI theea.fr a nov31 ve

Maxi IF such that

A v R V

then such a vector is called an eigenvector for A with respect

to the eigenvalue 1

IT T E L V REF s t T.lv Rv

By def v is non zero I can be zero













































Eigenvaluesforlineartransformation

Let V be a vector space over 1 and LCV then I

E I is called an eigenvalue of T if there exists a nonzero

vector v e V such that

Tfo 1.0

then such a vector is called an eigenvector for T with respect

to the eigenvalue 1

If A is an eigenvalue of A then the space Null A RI

is called the eigenspace of A w r t eigenvalue 1













































Example

1 1 I
1

1 is an eigenvalue and any nonzero vector is

an eigen vector for A

a 1 1 1

1 a i













































Non trivial E only if det XI 0

if det 0

det A XI detff n

asgeEnector

1 2 4

1 t 4 0

1 t 12

t 112

t 3 1













































If t 3 1

A 31 3 A C 1 I

L 1

1tilt

rank 1

nullity 1

nontrivial solution

for
solutin EIR solutin ae R













































eigenspace eigenspace

3.3
eigenvectors 3

11 for a

1 1
particular

1 1 1Δ Δ 1 1

Δ

Let A E Mn IF where IF IR or Then the characteristic

polynomial of A is Xa t given by

Xa t det A I

The roots of Xa t are called characteristicroots













































degreetxalttIYE.tt ii
9amne

Bse n 1 A I an t

det A I an t

degree 1 n

Incivehypothesis

Let degree Xp t k where B E Mrxr IF

Let A MR1xCr 1 IF

Then det A MI
9 9

911
913 Ask Aikes

41
mm

ay 1am













































An T Mil Az Miz 1 Mik

17ᵗʰMIR1
The terms Are Miz 1 Mike have a degree

atmost k 1

degree det A MI 1 deg Mn

Mir
detf

deg Mm k Inductive hypothesis













































By fundamental theorem of algebra

Kalt has atmost n real roots

and exactly n complex roots counting multiplicity

an eigenvalue for A if and only if T is a root

of Xa t

Proof A MI X 0 has a nonzero solution if and only if
det A MI 0 has real roots for R













































det A MI 0

a1
alt dot 1 1

dot
1

t 1 A does not have eigenvalue in IR






























Corollary

A Mn I then A has atleast one eigenvalue

Theorem Let A E Mn IF Let Me 12 hr be distinct eigenvalues

of A If Vi is an eigenvector w.r.tt 1 1 r then

the set V1 Ur is linearly independent

Proof

N1 R2 M1 R2

Vs V2

V2 is linearly independent



If not
α V1 V2 α 0

so A α V1 A v2

α The V1 the V2

Th α v1 RsV2

Mv 12

M M v2 0

V 0 by definition and The The this gives

a contradiction

Hence 01.02 is LI



Principle ofAssume V1 Vr 1 is LI
mapnenan.ae

inductive

k r a r Proofy712mClaim Ur span V1 Ur 2 fixedN E N

If not 21 XR 1 no ll zeset such that theUk

Vr f divi Exidiv

A Vr A Et divi

Tr Vr dirivi

Mr divi It α Niv



Éi Rr Mi xiv 0

Since V1 Vr 2 is linearly independent

Rr Mi α 0 i 1 k 1

Tg atleast one non zero
distinct

i di 0

Nr Ri α 0

Tero Tonzero

Vr span V1 Ur



Hence inductively V1 Ur is linearly independent

Corollary Sum of eigenspaces is a direct sum

Let Me 12 To be distinct eigenvalues of A Mn IF

IF IR or 1 Then the sum of space

Null A ThI Null A RI Null A MI

is a direct sum

Equivalently if Vi Null A RiI i 1.2 r then the set

11 Mr is linearly independent



Let Q Mn IR Q is an orthogonal matrix if QQ QQ I

If Q is orthogonal and D is an eigenvalue for Q
then 19 1

Suppose v 0 such that Q o Tv

Qu Qu Rv Rv A vTv

QUIT QU v QQ v Viv Q is orthogonal

T ut v Tv

m 1 0 0 121 1



Let A be an eigenvalue of A Mn IF then T is also

an eigenvalue for AT

Note for any X Mn IF

det x det X

For ME IF det A RI 0

det A RI 0

dot AT TI 0

Hence T is a root of Xa t if T is a root of Kat t

Equivalently T is an eigenvalue for A iff T is an eigenvalue for

At



Given any A Mn C if T is an eigenvalue for A then

I is an eigenvalue for A

For Re det A RI 0

dot A RI 0

det A MI 0 detP det
det A TI 0

Hence D is an eigenvalue of A off I is an eigenvalue for

A



A matrix A e Mn c is said to be unitary if U U

UU I

Let A be an eigenvalue for a unitary matrix U then 121 1

Proof Similar to



det A I analysis

Xa t det I A algebra

orthogonal matrices QQ I 121 1

unitary matrices QQ I 1121 1

Let D be an eigenvalue of A E Mn IF Then T is also

an eigenvalue of AT

det A dat AT

N is a root of characteristic for A dot A data

R is a root of characteristic for A



T is a root of Xa t T is a root of Xa t

A Mn C

Suppose I is an eigenvalue for A

then x ̅ is an eigenvalue for A

Since is an eigenvalue of A

det A XI 0

det A II det CA RI

MATI
0

Br



Hermitian AE Mr G and A A AT
then if T is an eigenvalue for A then D E IR

or T x ̅

Since I is an eigenvalue nonzero v e Mnx C such that

A v v

AN v Av 0 20 Tv v

AN v A v A v I v
A hermitian

1v v Into



v 0 v v 0

A x ̅
or M E IR

like unitary orthogonal hermition Google pagerank

algorithmPositemflamian
A

X Mnx IF A X 0

Av 0

A v 0

Fides 7 always 0

1 30



If all eigenvalues are ve then is the matrix positive

No

1 o
1 5 0

1

Idempot matrox obliquProjection



We We V P oblique
such that We We is adirectsum P v we Ptj iʰmg

v We we hie ar Induefor v p v We 1
Pi is called oblique projection of

A matrox P e Mn C is called an V onto Wi 1 1,2

oblique projection if P P

p.co PW a

finitesP Mnxi C Mnxr G we

Maxi C assume p P p o
with

PDF fambantaken
as

range P W
We Col P We null P wew

Col I P Pw w



Exercise Let V be a vector space over IR or 1 and We We be its

two subspaces such that We We V

Then v e V We We there exist unique we We

we We suck that v We We

Let P V We be a map defined by
P.lv We where v We We Wi e Wi

We need to show that P1 is a linear transformation on V

P1 p 29 P1 Wap Wap αWig αWig

Wap αWig

P1 p α Pa q



Exercise P P I P I P I I P PCI P

then I P I P I P P P

So if P is an oblique projection then I P is also

an oblique projection

W EV v is an inner product space over 1

Wt w e v cv.ws 0 we w

Exercise WEV

wt W



wt Y R E V x.ws 0 we W

y ve V v g 0 n y w 0

xe wt

x y 0 y e wt

y.ws 0 w EW

x y 0 y



W wt is it direct sum

Let w e Wnw

W W 0

w 0

Hence W wt is a direct sum

v W wt v

V w wt

To prove V E W wt
dimensional

ifdimcwtwtjdimtfexvddtosp.tt



aim w wt 0

Suppose not non zero v e V s t

V a we 0 we W

and we Wt

In particular v Ws 0 We We

v e wt

and v We 0 we We

v e W

v e want

v 0



to
etm

for all subspaces W of V

V Ws We We We

we Wt

P v We

p p
for anydirect

sum We We

P p P is Hermitian for orthogonal projection



Claim P is Hermitian P P

If P e Mn 4
T E Mn C

and co.ee w.FI
w p Iw To them L V

w Tv is defined to be the uniquelinear

map s satisfying

Claim P P Tlv w v sw

v w E V
Tv w v w

Pv w v Pw

Tv



eigenvalues of P 0 or 1

09Y.ltTTa we v Max G ObliqueProjections

We We is a direct sum

We We V

Define P v Pr We We We

We he is a unique representation

Pa v P2 we Wa We

P1 and P2 are linear prove Col P We

P Pi 1 1,2 null P1 We Col P2



Given W EV Max C Orthogonalprojections

wt exists

and W wt is a direct sum

and V W wt

P1 v P W W2 We We we Ws We

P2 v P2 Ws w2 We

pi p f Pt P

P P2 P1 P



Let P P and I be an eigenvalue of P Then a nonzero

v e V St

P v RV

p v P Dv

1 p

P v P v

no Tv

R M

R 0IT



P v We where V We We We E W we Wt

and v We we is unique representation from

P1 PI Matrix representation of P1 Ps PI 0

Result A Mnxn C and for every v w Mm C

w A v 0 A 0

of Ifor arbitrary v w e Mna 1

w p pit Ii L
w P v w ptv a

amn ent Aen em is mthcanonical
basis



now W We We We W we Wt

v V1 V2 V1 EW v2 E Wt

So w P v Wa we Pa Vs V2

WI wt Pe V1 v2

wit P V1 v2 wt Pa Vi V2

wit vs wt V1

We Wt v1 W Hence V1 We Wet vs 0

w P1 v wt vs



1114 w P v P w v wtv
Wi V1 V2

wit vs

from and

w P P v 0 w.ve Mmr C

P1 p

Pi P andM PI
P2 I P1



Def A matrix P e Mn G is called an orthogonal projection

p P

p P

and W Col P

Why eigenvalues
to get some linearly
independent

vectors

Ts Mr

I
orthogonal

Block matrix Triangularization Diagondization

Symm
Hermitian



Blockmatrices
reverse of partitionofmate

A V1 V2 w W
there represents a

orthogonal sum

V2 V2

P



An V1 we
orthogonal projection w.lt We We wt

V1 V2 Afo

I b
A
1

AnV1 Aizu W
Vn V2 AnV2 Ants

II it



V W Wt A In

w x.ee xee

1



If A E Mn A W Mnx 4

A W W

then A wt wt

Sh Trianguarization

Q Mn a

Q Q I QQ

Q 911 921 an gie Mna a

91 9n is an orthonormal basis for Mnx C



A Mn G Q A Q A

Xp t det Q AQ EI

dot Q AQ t Q Q

det Q A I Q

det Q det A I det Q

Q Q I det Q det Q 1

Xp t det A I Xa t



Let U be an invertible matrix E Mn C then for any
A Mn C

Xatau t Xp t

U fuel un 41 Un is a basis for
Maxi C

Let u A U A
then All UA

A us v21 an UA
A Us A U2 Alun UA



Suppose F is diagonal if Aij 0 only if i j

Au Aust A un 41 un

R1U1 R2V21 An Un

A Ui Ri Ui

AQ A
W 8ᵗʰ

A 9 Ri Gi



Ex tr AB tr BA


