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Let es en be the canonical basis Mnx G

then defined

for
ei ej ef ei Sij Kronecker's delta Mnx e

dig 0 if i j and dig 1 if i j













































Oasis
Let B EV be a basis then B fa.fr cei.es

amfmiIII
In is said to be orthonormal basis of V if

fi.fi

If fi.fi 0 i j then B is called

orthogonal basis

eg For R let B 1 1 1.1 be a basis

then 1 1 1 1 0

but 1,1 1 1 1
norm 1

orthogonal but not orthonormal













































normalization

Let B
2

1111.1711

4 E

orthogonal basis divide by norm orthonormal basis

In general if v w 0 then 7 v µ w 0 T.me

B be bn Mnx c

it vemnx.la fv dibi
Item of eq
bis F













































Let V be an inner product space then any two subspaces We We

V are said to be mutually orthogonal if for any x We and

y E Wa x y 0

Observtion In an inner product space knowing an orthonormal basis

helps in easy identification of coordinates

Let V be an inner product space over and B be bn

be an orthonormal basis for V Let v be an ordinary vector in V

Since B is a basis there exist unique V1 v2 Un E C such

that
v vibi













































But since B is orthonormal bi bj dig for j 1 n

v bj Evibi bj

Vi bi bj

Vj

So the coordinate representation of any v EV with respect to an

orthonormal basis B be bn is given by

v v bn v.bz v bn





















If B be bn is given orthonormal basis

v Eixibi

Let j 1,2 n

v bi dibi α bi bi αj bj bj

αj

v WH



If B is only orthogonal
Their.net
conjugate linearity

In III b

nf
How to identify an orthonormal basis

How to construct an orthonormal basis v bi
G 5

Proposition

Let V be an inner product space over 1 or IR mutually orthogonal

Then
any set S b1 b2 bn V of nonzero

pairwise orthogonal

mutually orthogonal vectors are linearly independent



Rf Let B bebe bn be mutually eg
dimension 5

bi be bs
orthogonal nonzero vectors

You_zero

orthogonal vectors

Let X1 In E C such that Endibi 0

Fix j in between 1 n Then

Eribi.bg of
so.us a.osa aa

0 orthogonal

sum is direct

Xj bj bj 0 bi.bg0itj
Dj 0 1 bybi o

So each α1 In must be zero be bn

are linearly independent If V is n dimensional B basis



Corollary Let We We Wn EV be mutually orthogonal subspaces

of the inner product space V nonzero over 1 Then the sum

of spaces We We Wn is a direct sum

Prof From the following equivalence discussed earlier

We We Wn is direct if and only if for any
nonzero vi e Wi i 1,2 n the set V1 Un is

is linearly independent

Nate any n mutually orthogonal vectors form a basis of an n dim VS

11cg Let U3 V Then V1 V27 V2 V37 0

does not mean V1 V3 0



Gram SchmeProcess

Let V be an inner product space over 1 and B be bn

be any basis of V The following vectors defectively form
an orthogonal basis

un be and ur br up n k t

Twaeexpresionw.tt
Us Ur 1

Let B Us Us Un Then B is an orthogonal basis for

V



Us be

a be a b that b

us b hit a Iff b

an b 118 ui

un b ftppui



Claims us um an orthogonal basis

Show

uj 0 j 1 n

if Uj cannot be zero

Ui Uj 0 if it j
basis element

U by non zero

un be 15 b



Suppose Ur 0

b I be

BTis LI

Us 0

Ur 0

Suppose us 0

b a 1b
lb Ei b



span Us Us span be be

It be span Us us 7
contradicts linear independence

of Bbe span be be

Show that Uj 0 for any j 1,2 n



Programmail.y.to us o

a a

b us an

0

Us and Us 141 not transitive

1st ustu



Us U2

Us Us

b u u ua

and

1 sat
0

Show that Uk 1 Us Uz Uk 1

Projection method



14ii.it tannmanx.trenmereaitsmani

Q R Mnxn c such that QQ I R is upper triangular

and A QR

Let A Mnxn C have full rank Equivalently if
A At As An with each Ai E Mnx IF i 1 n

then A1 An is a basis for Mnxi C



UfAr
Using Gram Schmidt Us As

Ur Ar É up k 2 in

is an orthogonal basis

Equivalently As Us

Ar Ur If YifAf Us

then for u ut Uat Ian mom and G
ftp
iF iII f

we have U G A



Further define Qr Leggy
k 1 n

then Q1 Q2 Qn are orthonormal

Then the matrix Q Q1 Q1 An Mnxn C

and a

111
a tail IQ 3

I



Also Ar Ur ET ftp.t ui

Qr ur ur ETQi uIAr

0To do


