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Corollary If A has full column rank then rank AB

rank B

Proof If A has full column rank then A is
betty

LetLᵈbe some left inverse of A nxE
Amx

So B U A B U AB right 14w
constructed

row rank AB now rank B
slowingsets

q
no unique
inverse always

unique if invest



row PQ row Q
U A B B

row U A B row AB

row B row AB now B

row B row AB row rank
Tankrow rank B row rank AB

column space version

rank B rank AB
a β right Invertible

Remark Applying the above result to transpose of college A columns AB

matrices of the above result we show

that if B has fullrow rank then rank.CAmpp

Proposition Let AE Mman A and P EMm A Rank is invariant
under multiplication byand Q E Mnxn IF be invertible matrices then
invertible matrices

rank PAQ rank A



Lityfamatrix
dimension of null space

Let Null A X Max IF AmenXnx 0

then dim Null A is called the nullity of A denoted by
nullity A

AmenXnx1 0

V nullity A n
n A 0

If A 0 v n

Null A C Mnxr IF

RankNullitythomC
Let A Mmxn IF then rank A N Nullity A

of Let V W be a vector space over IF and let T E L V w then

dim T V dim V dim Ker T



Proof A Mmxn IF Let dim Null A v 1

Let be bu be a basis for Null A Mnxi IF

So there exists a basis B of Mnxi IF with be bo B

Let B bt br butt bn be a basis of Mnxs IF

Claim A bv A butt A bn is a basis for
col A

AX

X1be α2b2 Anbu

Ax 1hl b
α

p
bott



Spanningset

col A

Z A X

x Eixibi B b

pn
AX A ribi

di Abi

α Abri



hineadpendent.it
iA bu i 0 foP as 0 an

diA buti A libri

4 di boti Null A

Biabai each α 0

A bots A bn is a basis for col A



181 n 0 n o

0 dim Col A

n Nullity A rank A

Consequences

Let A Mmxn IF with n m then

Nullity A 0

A3 4
rank A 3

rank A m n
rankA nullityA

Hence by rank nullity theorem
3

nullity A 0



So if A x 0 denotes a system of equations with number

of variables strictly more than the number of equations then
non trivial solutions must exist

D

Let T E L V W if dim W dim v then

I can never be surjective

T
B2x

rank BxB 1B 1821

11



Let A Man IF then the following are equivalent

i rank A n

II A is injective

II A is surjective

iv A is invertible

Proof i Ii iii iv



left invertible

Rankfactorization CR factorization
1ˢᵗfactor fall column rank
2ⁿ fdactor full now rank

column

Tright invertible

Them Let A Mmxn IF and if rank A r 1

then there exist P E Mmr IF and Q E Mrn IF

such that

a rank P rank Q r and

b A PQ

Remark Rank factorization is not unique the choice depends

on bases But once P is fixed Q is also fixed
The pair P Q is unique

Amen hayrank
AmxnUnxm I



models some system
Aminants

A1024 2056 1024 2056 parameters some P E

Mmer IF
rank 100

and Q E
A Piouxion Q100 2056 Mrxn IF

such that

rank P rank Q
Prof Given rat.IE r r

dip colf basis
colspake r and

A PQ

A3x4 rank A 2
Choose a basis B P1 P2 Pr of collA 13 2 0224 A

Mmx IF trank P rank 0722



5ᵗʰ column
Then Aj can be written as

Aj 9ij Pi for j 1.2 n

Let Qj 91 92g grj j 1 n

chosey I
Construct the matrices P Ps Pal Pr mxr rank r

Q Q Q2 I Qn rxn

then A P Q

r rank PQ min rank P rankQ r

not Pa
is contained in colspace ofQ



fullcolumnrankcol space P col space A

null space A mill space Q left invertible

P left invertible

Q right invertible

Let X Null A

A X 0

PQ X 0 P has full column rank P is left
invertible

P is left invertible P sit P'P I

P p Q X 0

Q X 0 x Null Q



i Null A Null Q

Suppose Null Q

Q x 0

A X PE 0

Null Q Null A

Null A Null Q

Of Rank nullity P rank or

nullity 0 P

g



Note P Q need not
How to find P and Q

Find basis of column space

be fixed
once P is fixed

Q is fixed Qi p
of A P

IMPORTANT β pñ t
Let P left invertible

rank same
Q right invertible

rank P A Q rank A



LEETEMax IR be a matrix with

a

find matrices P and Q that provide the rank factorization

of A

2 2 2 3
Let P

a 1 11 01 a

A

as 21 11



Suppose Amxn Bmxn and rank A rank B Then

P Q invertible it P.A Q B

P Q transition matrix

I Vp V8

no Éjj 71

rank n first column of I six B
I

coordinate of be w.tt B



Changeofcoordinates
Let B and B be two ordered bases of a vector

space V of dimension n Let I LCV be the identity

map The matrix I xs is called the transition matrix

from B to B

Recall I Vs Vs

If ej Bijli then for v Er Viei we have

I v E vi Bijei

E pijug.ee



So if coordinates of vw.it B are v Un then

EnβijY βjvj Ee βnj Uj is the coordinate of

V w.r.tt B

i
An

The matrix I xp is called the

Pns Bnn

the transition matrix from B to B



Let P e Mn IF be invertible then P is a transition

matrix for the cannonical basis of IF to the basis

of IF given by the columns of P

vs
B1 v Is VI w w
Bi P A

WI ftp.xg I xp T xp I xp

T Vp VB

T Bi xp I Bixa T BxB I BixB

I b xBi IT BxB I BxBi



Equivalentmatrices

Two matrices A B E Mman IF are said to be equivalent

if there exist invertible matrices such that B Q AP

Q E Mmxm IF P E Mnxn IF

Two matrices A B E Mn IF are said to be similar if
there exists invertible matrix P such that B P AP

If B is similar to A then dot B dot A



ME EVI then the following are equivalent

a B Q A P P Q invertible matrices of appropriate
sizeb rank A rank B

Proof We have already shown a b

A B Mmxn IF

Let rank A r rank B

By rank nullity theorem

n rank A nullity A



rank B nullity B

nullity A nullity B
Bi

Null A Max F Col A Mmx F

B Null B Maxi IF Col B Mmx IF

Let Br be a basis of Mnxi IF containing a basis of

Null A

Let Ba be a basis of Mnxi IF containing a basis of

Null B



B B Let G be a basis of Mmx IF

B's Be containing a basis Ci of col A

1811 Bal n Let Ca be a basis of Mmx IF

Bil Bil containing a basis Cs of col B

G C2 m

icil Icil

Let B bi bi b'n r barte bu

Be

Proof to do


