










































I ff.mn
gebra week1o

Proposition We Wm EV subspace

then We Wn is direct iff for any ni e Wi 0

then Na Nn is linearly independent

Def Let Wa Wm EV be subspaces then We Wn

is said to be direct if for any V We Wn

there exist unique Mi e Wi i 1 n such that

V Xini di E IF



Corollary Let V be a vector space and We We Wn

be subspaces of V1 then the following are equivalent

a We We Wn is a direct sum

b Wa We tw Wit1 f 1 i n 1

C1 H1 R2 An E Ws We Wn 0

V1 0 R2 In

d dim We Wn dim Wi

Proof By induction

See problem set 11



Exercise Let We We Ws V be finite dimensional

subspaces Then find dim We We Ws

Todoc

Note We Wz Wz EV and We n We 0 WenWs

WenWs does not imply We We W3 is direct



Iiiitia
a 1 0 0 0

4 3 5

AB 4 1 6

3 8 3

We can partition the matrices A B and perform

multiplication 4 1 6

a Ian



A B 12 2
4 1 6

3 8 3

01 3

02 2 43 5

1

Let T E L V W and suppose that there exist V1 V2

V and We We W such that V1 V2 V

and We We W

Then w.r.tt base B1 B2 of V1 V2 and BI BI of
We We we can partition the matrix representation of T



Recall Since V1 V2 V Be UB2 is a basis for
V and similarly B UBI is a basis for W

Let B Be u B2 B BI UBI then has

the matrix representation

B1 Br

7 sixa p
7113 Tia

Bi 422

Tn V1 We Multiplication and Division rules

712 V2 We hold as usual

721 V We

722 V2 We



Rank
Let V be a vector space over IF We begin by defining 2

notions of ranks and then show that they are equivalent

Rank Let A Mmxn IF then row rank of A is

defined to be the dimension of the row space of A

Crank Let A Mman IF then column rank of A is

defined to be the dimension of the column space of A

Row space row A A 1 X Mixm IF

Column space col A A X 1 X Mnx IF



Observe that dim row A m and dim col A n

Proposition Row rank vs Column rank

Let A Mmxn IF then dim row A dim Col A

Proof Suppose dim row A r

dim Col A S

het B be be bs bs Mnxi IF be an ordered

basis of co A



For the matrix U defined as

U be be I bs
mxs

we have Y Msx IF such that

si

Ai UYi

Fix the matrix Y 411 421 Yn son then by the
above equation we have

A UY



Col A Col U from exam
Q7and row A row Y

so dim row A dim row 4

r s

Now we interchange the roles of rows and columns

A 11
each Aj Mixn IF



Since dim row A r there exist B C1 C2 Cr

Y Mmr IF such that

f
and A Y v

Then dim Col A dim col Y

s r

So by and we conclude that r s

How to find
rank



PLfTA E Mnxn IF then rank A n if and only if
dat A 0 A is invertible if and only of rank A n

Proof to do

Proposition Let A Mpxq IF and B E Mqxr IF then

rank AB min rank A rank B

Prof Recall from midsem exam that

row AB row B

dim row AB dim row B



Col AB Col A

dim Col AB dim Col AI

So rank AB mon rank A rank B

Full row rank Let A Mman IF then A is said to be

of full row rank of rank A M

Full column rank Let A Mman IF then A is said to be

of full column rank of rank A n



Position Let A Mmen IF then the following are equivalent

a A has full row rank
b A is right invertible i.e XA YA x Y

for appropriate matrices X and Y

c Col A is Mmx F

Lroof a b Suppose A has full row rank i.e the row

A1 Am of A are linearly independent in Mion IF

We claim there exists matrix U Mnxm IF such that

AmxnU nxm Imxm



Note m n hence there is a non trivial solution to the

following equations

A Xi ei ei Mmx IF

For the system to be consistent we need all rows to contain

a pivot

Set U Un Us Um
nxm

where Ui Mnx IF

satisfies the above equations then

A U I XA XY Y
is evident now



b c Let's assume that U E Mnm IF s t All Imam
Then c is evident as for the columns Ui of U

We have

Uji Aj ei where ei E Mmx IF

is the ith vector of canonical ordered basis

so span Aj j 1 n Mmx IF

a Suppose span Aj j 1 n Mmx F

since colum rank is same as row rank the claim holds

true



Note solution to the above system is not unique In particular

the right inverse is also not unique for rectangular matrices


