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Graph terminology

BFS DFS

Read the obsidian notes

ProfLm
3 compute Gt v E from G E LuDEVXVI

LIVI

let Gt adj be the adjacency list of G
for each vertex v e G V

for each vertex a E G adj v 11 v w E E

Gt adj a push back v 11 u v Et



1 1131

let Gt A represent the adjacencymatrix of Gt

for i 1 to V1

for j 1 to v1

G A Ji G Ali j

2214 Multigraph to equivalent undirected graph

Le G V E is a multigraph

Let G adj IVI be the adjacency lost of G
Let G V E be the equivalent undirected

graph with adjacency list G adj IVI



Eqetty.IE Iat array of 11 elements initialized to 0

for each vertex u E G V

for each v E G adj u

if v u Tlv u

v U G adj a push back v

22.1.1 square of a directed graph

atp.fiof
e



Let G adj IVI represent the adjacency list of G v E

where E u v Vx V G adj u v v G adj adj u

v

square graph

for each a in G E

for each v in G adj u

G adj re push backto
for each in G adj v G adj u push back n



Adjacency matrix compute A

for i 1 to 701

for j 1 to v1

G A i j É G Ali R G AIR 8

v3



22 6
2 universal sink

0

for i 1 to 101

for j 1 to v1

if j i 88 Aci j 1

11 A j i 0

sink false

if sink true univ sink G

returntrue i 1

return false while i V1 and j v1

if G A i j 1

it

else j
is_sinkG i



22.11s Incidence matrix
i x

x

REV

big Rev

O O w

1 1 1 0

1 0 0 1 B

0 1 1 1

B BT 3 1
11 to

0 1 1 1 1 0 1 2 1 3

0 1 1



Let B bie
nom

BT bij mxn bje mxn

and C BBT nxn

then Cij bie bje

If i j
Cii EE bie

bit 1 if e has i as one of its ending or
startingpoint

0 0W



Cii degli

If i j
Cig If bie bje

biebje 1 not possible since edges are directed

biebje 0 if e i j and e j i

biebje 1 if e i j or e j i
1 1 1 11 1

i Cij of edges that connect i and j
i j



22.1.1 Hassle instead of linked lists



E is undirected graph

Spanning tree

i should include all the vertices in G
ii connected subgraph without cycle

weight of

111
To each edgeis

same

Spanningtrees of G



mi
pannq.EE

W E Rt

at
Tightstassociated

I 8 8
with a

onto spanning tree

Y
G

Weight of spanningtree sum of weight of all edges in T



Minimum SpanningTree spanning tree of min weight

How to find Minimum Spanning Tree

www.t
a

9ET u.e 11 n let m W E

Sort edges based on the ascending order of weight
et em W ei W Citi

T T stores edges of MST 1



For 1 1 to m and while edges T n 1 do

if ei UT is a tree then

T T u ei

FIT
Erectness Kruskal's algorithm outputs MST

a
3 Assumption All edges weight are distinct

KRUSKAL 91 92 gs
9
gn 1

gi notofithedgein Kruskal 11 11 11

fi notofithedge in Optimum

Optimum f1 fa 3 for 1



Suppose the sets differ at first position at ith position

Cet gi fi
We take Topt fi u gi Topt

Casel 1 Topt does not contain cycle

To'pt is spanning tree of

weight lesser than Topt

FEST



Casel2 Top't contains a cycle

Why OPT prefer fi over gi the only possible

reason is adding gi will introduce a cycle

To 13 19 72 92

Let 1 3 fu fg fin 2 13
make cycle with gi to

gi.in ftt7then

91 93 94 Ga 911 gi

make a cycle



Caset gi fi
Why did KRUSKAL not pick fi
The only reason could be 91 gi 1 U fi forms a

cycle

But 91 9i 1 Uti

1 ti creates a spanning tree

Lemma This algorithm yields a spanning tree of minimum

cost



Profvianduction
Inductive hypothesis Suppose that the first k edges are part of
a MST T

Base step empty set of edges part of a minimum spanningtree

Inductive step Show that adding K 13ᵗʰ edge e is either a

part of T or some other spanning tree of equal cost

1 This edge e is actually part of T

2 This edge e is not part of T.wf.FI
e u T forms a cycle

some edges in this cycle are not a part of first k

edges



dg

Guarantee w f w e we are adding edges in

increasing order

Remove f
w T f use w T

fit



Is
9f all edges are distinct

No 0w

Initially we start with n connected components

In each iteration we add one edge that reduces of connected

component by 1

Finally we are left with 1 connected component MST



S1

9Eʰ v1 V2

52 V5 V6 V7

after adding edge

S1 U 52 V1 V2 Us Us V6 V7



Findt
Suppose edge V2 V3 is added cycle

when both vertices

Return true if V2 V3 are formingthe edge belong

in same set to the same set

Unmindedaastructure

Kgkallqim_
S v2 v3
Sort the edges in increasing order of weights

et em 0 m logm



For i 1 to m and while edges T n 1

do

let ei u v

if Find u Find v

then T u ei

Union Find u Find v

of times union runs n 1 0 n 1 U

of times find runs 4m 0 Cm F

Total running time O mlogm n 1 U m F

0 mlogm n 1 m log n 0 m log n



Neolution Use linked list Union O 1 time

find 0 m time Tecteptable

a b c d e f

apt

UnionlfindlaI.find b

a b c d e f



Union find a find c

a b c d e f

Union findd findle

1 a b c d e f



Union find a find d 0

6888
01866 6

or

Unionby m

rant

Them A tree with n nodes has height log n

if we follow union by rank procedure



Proof Proof by
induction

want can

109 math

Suppose Nt no then height of resultant tree

max log no logne 1

1 log n me



log n log n ns

logins 1 log ni log e
log 1 2 1

log n n



2024 1101 Prim's Algorithm

II.IT a partition a.fi
of vertex set into two parts

s a b i

s s5 b c e

of possible cuts 2 2 s

5













Lm For any cut s 5 the minimum weight edge should belong

to MST
S

Remark More than one edge of cut can I
also be part of MST But
minimum weight edge must be part of MST

Proof By contradiction consider a cut S 5 FffT MST that does not contain edge e

T Tu e e smallest edgeweight
acrossthe partition

Addition of e creates a cycle say C



C has to contain atleast one more edge say f across the

partition

C contains an edge of weight more than weight of e blinds

Remove edge f
spanning tree of weight smaller than that of T.gg

Prom's Algorithm see slides
5

5

Let u v be the minimumWewant to
offase knowminimumof weight edge

edges
these edges



edges of weight 4.5 need to be removed from heap

edges of weight 8.9.3 need to be added in heap

At any point heap maintains the edges across the partition

For
every vertex v that we process we remove some edges

and add some edges in heap

Revise insertion

and deletion
Overall time complexity deg v logon n 011 in heap

O n mlogm



Algorithms
is an array

5 0 1 ves

v s u 0

Sfr 1 root vertex

e incident to r

H insert e 11 insert e in heap

while heap is not empty do

f H findmin f is the edge with min wt
across the

let v be the endpt of f sit Slv 0 out

for all edges e adjacent to v do
vow

I



dg
if Sfw 0 H insert e

else H delete c

Sfo 1

Mod

ft each vertex in 5 stose a label which is weight

of the minimum edge across the cut we create a heap

of these numbers

S 5



updated
weight

5
current
weight


