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1 divide into 2 or more pieces

2 solve on each piece

3 combine the solution of each piece

Eg 1 Binary search

Eg 2 Max and min of n elements

TCN 1 1 1 1 2



TCR 31 2 it is _Power of

Find max and min in 3n 2 comparisions

Hofcomparisions

all
Find minimum elements and maximum elements separately

A list of all min elements recurse 2 E
β list of all max elements

4,4 11,1



Given an input I and an algorithm A

TA I time steps taken to output

Worst case time complexity

TA n Max Ta I
II n

r sort takes 4m 2n operations

TER 4m 2n

01m



f n 0 gens if f n c g n for constant c and all

a sufficiently large

4m 2n 100 0 m
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it in 1 0

11h 0

ffr 0 g n f n 0 gens

f2n 0 fin
f r Og n if f is polynomial or smaller

Eg 2n 01m
hln gens log2n 0 log n

ftr has 0 gens
summation constant no of times

time 011
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TCN fer da if f is monotone
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Eni redn n

Turn 0 n



flu 0 gens

f r R gens

fin c gen n n

flu 0 gens

if f n 0 gens gen 0 fens
4m n O m

Eai
it

if as 1 0 ak

if a 1 OG a

1 I 2



Find max and second max in n login 1 comparisions

As 92 As An
11 1mn
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max max

As a

bit 1
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Mergesort

sort first and second halves

MergeSort A first last

mid first last 2

MergeSort A first mid

Mergefort A model last

Merge 0.0

ffi.FI



In place merge sort

MergeSort Analysis
son

Tfr 2T N2 O r
time to combine

n solutions
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instructions at level 1 f n
level 2 2 f
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I t i A b 1 n E NI

compare n 90 and f n If one of them is larger

that's the solution

If both are equal the solution is T n O f n log n

Tcn 3T 5n

vs n



1 T n 3T 45 0 rn

2 Divide into 3 equal pieces sort and merge
Write recurrence and analysis

us n

3 5
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Doubts
Insertion sort 4m 2n comparisions



hasterTheorem Caveat atleast

Ratio of larger to smaller function grows polynomially

e g m
s
and n m and n log n

non examples n and nlog n

Mn a T b f n

T n T E 3 n
Don't solve separately



Secondmaxlementpuzzle

to

Éans
max b e h



Merge step

A 1 m merge

B 1 n

1 k min

Claim The first k elements placed in C are the k

smallest elements in AU B in non decreasing order

min A I B 1 is the smallest element

A i m min Ali B j min of all
B j n remaining elements



Cma Any comparison based algorithm must make r n log n

comparisons for sorting

A I vs A j
Relation bw decision

If the height and size

to 610 of A

O O O O 0 height of comparisions

leaves represent different permutations leaves height

of the input end
leaves of permutations of n elements n



n zheight

log n height

E log i height
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logn dr n log n n
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Ai Ar As A4

As as as ac Not enough comparisons
to sort

As As As C Au

as as as an comparisions identify a permutation

A A A2 94



MguentUaPᵈfWᵈT stock's prices decide when to

buy and sell

Input A list of stock prices P1 P2 pm

Output max pi pi i 2 j



vector cints a n 1 a o INT MAX

for inti 1 i c nti it

in pli Ocn

ali p i min ali 1 pli

04find max element in a



P1 P2 Pn

Pa Pa Pan Pn

recursively solve in each half

Buy in ps pe

Sell in pets Pe

max min P1 P max pzer Pr
sol sol



Multiplicationof2integers

I p A As Az An

B B1 B2 Bn

Size of input n of bits of each number

1 1 1 A A2 An

0000
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n rows of n to 2n bits each

of operations 0 m

1950s can we do better

1960 Karatsuba algorithm divide and conquer master theorem

O n
1 585

1961 Schonhage strassen

O n logn loglog n

Based on fast fourier transform based on divide and
conquer



2007 O n logn 219ᵗʰ

2019 O n log n

A At Az An

B B1 B2 Bu

AL At Az Any Ar Aztz An

Be B1 B2 Buz Br BE 1 Bn

A 2 AL Ar

B 2 Be Br



AB A B 2 ALBR ARB 2ⁿᵈ 21 7 8 46

ArBr AL 217 Ar 846

A A 103 Ar

Find AL Bu AL Br

Ar Bu Ar.BR recursively

T n 4 O n

n10g24 n



Problem There are 25 horses of different speeds you
can race up to 5 of them at a time

Find the three fastest horses with as few races as

possible


